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1. Introduction
The Schrödinger operator on a (compact or noncompact) Riemannian manifold M is deﬁned by
Hθ f := − f − 2
√−1(df |θ) + (id∗θ + |θ |2) f , (1.1)
where  is the Laplace–Beltarmi operator, θ is a real C∞ differential 1-form and (·|·) is the Hermitian inner product induced
from the Riemannian metric. Such operators arise in many problems of mathematics and modern mathematical physics (see
[19,6,2,20] and references therein). For the particular case of M being the Euclidean plane R2 = C and θ being the canonical
vector potential θ = iν(z¯ dz − z dz¯); ν ∈ R, the operator (1.1) leads to the special Hermite operator Lν given explicitly by
([22,24])
Lν = − ∂
2
∂z∂ z¯
− ν
(
z
∂
∂z
− z¯ ∂
∂ z¯
)
+ ν2|z|2, (1.2)
which describes in physics the quantum behavior of a charged particle conﬁned in the plane, under the action of a constant
magnetic ﬁeld. The spectral theory of Lν on the free Hilbert space L2(C;dλ), of square integrable functions on C w.r.t.
the usual Lebesgue measure dλ, is well known (see for example [6,17,4,7,12]). A systematic study of Lν acting on the space
of Landau automorphic functions of magnitude ν is presented in [13].
In this paper, we deal with the space Mν,μτ (C) of the so-called mixed automorphic forms of type (ν,μ) with respect
to an equivariant pair (ρ, τ ) and a lattice Γ ⊂ C (see Section 2). Roughly speaking, they are a class of functions deﬁned on
the plane C, satisfying a functional equation of type
F (γ · z) = jν(γ , z) jμ(ρ(γ ), τ (z))F (z) (1.3)
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A. El Gourari, A. Ghanmi / J. Math. Anal. Appl. 383 (2011) 474–481 475for every z ∈ C and γ ∈ Γ , where jα(γ , x); α ∈ R, is a given automorphic factor. Such notion has been introduced by Stiller
[21] and extensively studied by M.H. Lee (see [16] and the references therein). It generalizes in fact the one of automorphic
forms (take for example μ = 0 or let ρ and τ be the identity maps). Mixed automorphic forms appear essentially in the
context of number theory and algebraic geometry and arise naturally as holomorphic forms on elliptic varieties [14].
The main aim is to introduce an appropriate Schrödinger operator Hθν,μτ leaving invariant M
ν,μ
τ (C) and to investigate
its concrete spectral properties when acting on both L2(C;dλ) and Mν,μτ (C). For a substantially reorganized and complete
exposition the reader can refer to [11]. As a consequence, we obtain classes of generalized complex Hermite polynomials
involving an entire function “h” as parameter. For spatial function “h”, we recover those studied in [10]. Direct applications
of the last ones can be found in theoretical physics (see for example [3,5,23]).
This paper is organized as follows. In Section 2, we recall some needed facts on Mν,μτ (C). In Section 3, we carry out
standard basic properties of the invariant magnetic Schrödinger operator Lν,μτ . Section 4 is devoted to describe the structure
of the associated eigenspaces in L2(C;dλ) and Mν,μτ (C) for general equivariant map τ . The particular case of τ = τh being
the one associated the inner G-automorphism ρh(g) := hgh−1; h ∈ G , is considered for illustration. Section 5 deals with a
derived class of complex polynomials of Hermite type.
2. The space of mixed automorphic forms onC
Let T = {λ ∈ C; |λ| = 1} and consider the semidirect product group
G = T C =
{
g =
(
a b
0 1
)
=: [a,b]; a ∈ T, b ∈ C
}
operating on C by g · z = az + b. Deﬁne jα ; α ∈ R, to be the automorphic factor given by
jα(g, z) = e2iα〈z,g−1·0〉, g ∈ G, z ∈ C, (2.1)
where here and elsewhere z denotes the imaginary part of the complex number z and 〈·,·〉 denotes the usual hermitian
scalar product on C. Also, let (ρ, τ ) be an equivariant pair [18,14,1,16]. That is, ρ is a G-endomorphism and τ : C → C a
smooth compatible mapping such that
τ (g.z) = ρ(g) · τ (z) (2.2)
for every g ∈ G and z ∈ C. By Γ we denote a uniform lattice of the additive group (C,+) that can be seen as a discrete
subgroup of G by the identiﬁcation
γ ∈ Γ → [1, γ ] =
(
1 γ
0 1
)
,
so that the action of Γ on C is the one induced from this of G , i.e., γ · z = z + γ .
Associated to given real numbers ν,μ > 0, we perform the space Mν,μτ (C) of mixed Γ -automorphic forms of type
(ν,μ) w.r.t. (ρ, τ ), i.e., the space of all C∞ complex-valued functions F on C satisfying the functional equation
F (γ · z) = jν(γ , z) jμ(ρ(γ ), τ (z))F (z) (2.3)
for every γ ∈ Γ and z ∈ C. For instance, note that the involved factor
Jν,μρ,τ (g, z) := jν(g, z) jμ
(
ρ(g), τ (z)
)
, (2.4)
deﬁnes a complex valued mapping on G × C satisfying the chain rule
Jν,μρ,τ
(
gg′, z
)= e2iφν,μρ (g,g′) Jν,μρ,τ (g, g′ · z) Jν,μρ,τ (g′, z), (2.5)
where φν,μρ (g, g′) is the real-valued function deﬁned on G × G by
φ
ν,μ
ρ
(
g, g′
) := (ν〈g−1 · 0, g′ · 0〉+ μ〈ρ(g−1) · 0,ρ(g′) · 0〉). (2.6)
Therefore, the unitary transformations T ν,μg ; g ∈ G ,
[T ν,μg f ](z) := Jν,μρ,τ (g, z) f (g · z), (2.7)
deﬁne a projective representation of the group G on the space of C∞ functions on C. Hence, it can be shown that the
performed space
Mν,μτ (C) :=
{
F : C C∞−−→ C; F (z + γ ) = Jν,μρ,τ (γ , z)F (z)
}
(2.8)
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case, Mν,μτ (C) can be realized as the space of cross sections on a line bundle over the complex torus C/Γ . The proof
can be handled along the lines of the proof of [13, Proposition 3.1] and Remark 3.3 there, making use of (2.5) and the
equivariant condition (2.2). It is shown in [9] that the two pictures of mixed automorphic forms (2.8) and classical Landau
automorphic forms [13] can be connected by a special transform. In fact, there exists a real-valued function ϕν,μτ such that
the transformation
[Wν,μτ ( f )](z) := eiϕν,μτ (z) f (z), (2.9)
mapping isometrically Mν,μτ (C) onto the space of Landau (Γ,χτ )-automorphic functions of magnitude Bν,μτ = ν +
μ(| ∂τ
∂z |2 − | ∂τ∂ z¯ |2) and multiplier
χτ (γ ) = exp
(
2iϕν,μτ (γ ) − 2iμ
〈
τ (0),ρ(γ )−1 · 0〉). (2.10)
That is
Wν,μτ
(Mν,μτ (C))= { f : C C∞−−→ C; f (z + γ ) = χτ (γ ) jBν,μτ (γ , z) f (z)}. (2.11)
In order to discuss standard spectral properties of Mν,μτ (C) making use of this characterization, we have to introduce
ﬁrst an appropriate second order differential operator leaving invariant the space Mν,μτ (C).
3. The magnetic Schrödinger operatorLν,μτ
Keep notation as in the previous section and set Lν,μτ := (1/4)Hθν,μτ ,
L
ν,μ
τ f := 14
{− f − 2i(df |θν,μτ )+ (id∗θν,μτ + ∣∣θν,μτ ∣∣2) f }, (3.1)
where  is the Euclidean Laplacian on C, i = √−1 and θν,μτ is the differential 1-form
θ
ν,μ
τ (z) := i
{
ν(z¯ dz − z dz¯) + μ(τ dτ − τ dτ )} (3.2)
= i(Sν,μτ dz − Sν,μτ dz¯) (3.3)
with Sν,μτ stands for the complex-valued function
Sν,μτ (z) = νz + μ
(
τ
∂τ¯
∂ z¯
− τ¯ ∂τ
∂ z¯
)
. (3.4)
Thus, we assert the following
Theorem 3.1. The operator Lν,μτ is a Schrödinger operator with constant magnetic ﬁeld whose explicit expression in terms of ordinary
partial derivatives is given by
L
ν,μ
τ = − ∂
2
∂z∂ z¯
−
(
Sν,μτ
∂
∂z
− Sν,μτ ∂
∂ z¯
)
+ ∣∣Sν,μτ ∣∣2 − μ4 (ττ¯ − τ¯τ ). (3.5)
Proof. For general vector potential θ , one can show that the derived magnetic ﬁeld B := dθ is uniform if and only if θ and
its pullback g∗θ by the holomorphic mapping z → g · z belong to the same de Rham co-homology group, which is clearly
satisﬁed when θ = θν,μτ (see (3.15) below). This can be handled also using the fact that the function z → Bν,μτ (z) involved
in the expression of the derived magnetic ﬁeld Bν,μτ (z) = −2iBν,μτ (z)dz ∧ dz¯, i.e.,
Bν,μτ (z) = ν + μ
(∣∣∣∣∂τ∂z (z)
∣∣∣∣
2
−
∣∣∣∣∂τ∂ z¯ (z)
∣∣∣∣
2)
(3.6)
is G-invariant, Bν,μτ (g · z) = Bν,μτ (z), and therefore is constant on C. This is contained in the proof of Proposition 4.1
in [9]. Indeed, this follows by writing the G-endomorphism ρ as ρ(g) = [χ(g),ψ(g)] ∈ G = T  C and differentiating the
equivariant condition τ (g · z) = ρ(g) · τ (z) = χ(g)τ (z) + ψ(g) to get
∂τ
∂z
(g · z) = χ(g)
(
g · z
∂z
)
∂τ
∂z
(z) and
∂τ
∂ z¯
(g · z) = χ(g)
(
g · z
∂z
)
∂τ
∂ z¯
(z),
keeping in mind that ( g·z
∂z )χ(g) belongs to T.
Now to get the explicit expression of Lν,μτ , let recall ﬁrst that the adjoint operation is taken with respect to the Hermitian
scalar product on compactly supported differential forms
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∫
C
α ∧ β,
where  is the Hodge star operator canonically associated with the Euclidean metric of C = R2. Thus, the adjoint d∗ of
d and θ∗ of θ are given respectively by d∗ = −  d and θ∗ = θ ∧ . Therefore, one can check by direct computation the
following
(i)
(
df |θν,μτ
)= −2√−1
(
Sν,μτ
∂ f
∂z
− Sν,μτ ∂ f
∂ z¯
)
,
(ii) d∗
(
θ
ν,μ
τ
)= 2√−1
(
∂ Sν,μτ
∂z
− ∂ S
ν,μ
τ
∂ z¯
)
,
(iii)
∣∣θν,μτ ∣∣2 = 4∣∣Sν,μτ ∣∣2.
Thus (3.5) is obtained by combining (i), (ii) and (iii). This completes the proof. 
Direct computation yields the following
Corollary 3.2. Let Bν,μτ be the real valued constant given by B
ν,μ
τ = ν + μ(| ∂τ∂z |2 − | ∂τ∂ z¯ |2) and Aν,μτ and A˜ν,μτ be the ﬁrst order
differential operators
Aν,μτ = ∂
∂ z¯
+ Sν,μτ and A˜ν,μτ = − ∂
∂z
+ Sν,μτ . (3.7)
Then, the following supersymmetric relations hold for Lν,μτ :
A˜ν,μτ A
ν,μ
τ + Bν,μτ = Lν,μτ and Aν,μτ A˜ν,μτ − Bν,μτ = Lν,μτ . (3.8)
It follows also that
Corollary 3.3. There exists a real-valued function ϕν,μτ such that the annihilator and creator operators can be rewritten as
Aν,μτ = e−B|z|2−iϕ
ν,μ
τ (z)
∂
∂ z¯
eB|z|2+iϕ
ν,μ
τ (z), (3.9)
A˜ν,μτ = −eB|z|2−iϕ
ν,μ
τ (z)
∂
∂z
e−B|z|2+iϕ
ν,μ
τ (z). (3.10)
Proof. Since Bν,μτ is a constant, one checks that dθ
ν,μ
τ = dθ B
ν,μ
τ , where θ B
ν,μ
τ := iBν,μτ (z¯ dz − z dz¯). Therefore, there exists a
function ϕν,μτ : C → C such that dϕν,μτ = θν,μτ − θ B
ν,μ
τ . Equivalently ϕν,μτ satisﬁes the following system of ﬁrst order partial
differential equations
i
∂ϕ
ν,μ
τ
∂ z¯
= Sν,μτ − Bν,μτ z,
∂ϕν,μτ
∂ z¯
= 0. (3.11)
Thus we can restrict ourself to the case of ϕν,μτ being a real-valued function. Therefore, the functions of the form
Φ
ν,μ
τ,g = Bν,μτ |z|2 + iϕν,μτ (z) + g(z), (3.12)
for arbitrary holomorphic function g , are solutions of
∂ϕ
∂ z¯
= Sν,μτ . (3.13)
This infers the cited results (3.9) and (3.10). 
We conclude this section by giving an invariance property for Lν,μτ by the unitary transformations T ν,μg ; g ∈ G , deﬁned
through (2.7). Namely, we assert the following
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df + i f θν,μτ as
L
ν,μ
τ = (1/4)
(∇ν,μτ )∗∇ν,μτ . (3.14)
Moreover, it satisﬁes the invariance property
T ν,μg Lν,μτ = Lν,μτ T ν,μg
for every g in G.
Proof. We have
∇∗∇ f = d∗df + i[d∗( f θ) − θ∗(df )]+ θ∗( f θ)
=  − i[((d f¯ ) ∧ (θ))+ θ∗(df )]+ (id∗(θ) + |θ |2) f
=  − i  [(d f¯ ) ∧ θ + θ ∧ df ]+ (id∗(θ) + |θ |2) f
=  − 2i(df |θ) + (id∗(θ) + |θ |2) f = 4Lν,μτ .
The second equation follows using the facts that d∗d = , d∗( f θ) = −  (d f¯ ∧ (θ)) + f d∗(θ) and θ∗( f θ) = |θ |2 f . While the
third one results using [(d f¯ )∧ (θ)+ θ ∧ df ] = 2  ((d f¯ )∧ (θ)) = (df )∧ (θ) which follows from the fact α ∧ β = β¯ ∧ α¯,
keeping in mind that θ is real, combined with (α ∧ β) = (β|α).
Straightforward computations using the equivariant condition (2.2) shows that the pullback g∗ of the differential
form θν,μτ , by the holomorphic mapping z → g · z, belongs to the same de Rham co-homology group. Precisely, we have
[
g∗θν,μτ
]
(z) = θν,μτ (z) − i
d( Jν,μρ,τ (g, z))
Jν,μρ,τ (g, z)
. (3.15)
Using this and the well-known fact g∗d = dg∗ as well as g∗(θ1 ∧ θ2) = g∗α ∧ g∗β, one obtains
T ν,μg
(∇ν,μτ f )= Jν,μρ,τ (g, z)[g∗((d + iθν,μτ ) f )]
= Jν,μρ,τ (g, z)
(
d
[
g∗ f
]+ i[g∗θν,μτ ]∧ [g∗ f ])
= Jν,μρ,τ (g, z)d
[
g∗ f
]+ d( Jν,μρ,τ (g, z))[g∗ f ]+ i Jν,μρ,τ (g, z)θν,μτ [g∗ f ]
= d( Jν,μρ,τ (g, z)[g∗ f ])+ iθν,μτ Jν,μρ,τ (g, z)[g∗ f ]
= (d + iθν,μτ )T ν,μg f = ∇ν,μτ T ν,μg f .
Hence, since T ν,μg commutes also with (∇ν,μτ )∗ for T ν,μg being a unitary transformation, we deduce easily from Lν,μτ =
(1/4)∇∗∇ that Lν,μτ and T ν,μg commute. This ends the proof. 
Remark 3.5. It is clear that the introduced Laplacians Lν,μτ are elliptic second order differential operators and formally
selfadjoint.
4. On the concrete spectral theory of Lν,μτ on L
2(C;dλ) andMν,μτ (C)
Note ﬁrst that the spectrum of Lν,μτ is purely discrete and consists of inﬁnitely degenerate eigenvalues (Landau levels)
Ek = B(2k + 1) = (2k + 1)
(
ν + μ
(∣∣∣∣∂τ∂z
∣∣∣∣
2
−
∣∣∣∣∂τ∂ z¯
∣∣∣∣
2))
for k = 0,1,2, . . . , where we have set B := Bν,μτ for simplicity. This is a well common fact for Schrödinger operators with
constant magnetic ﬁeld, see e.g. [8,7]. Moreover, the concrete spectral analysis of Lν,μτ , acting on the free Hilbert space
L2(C;dλ), can be deduced easily by considering the transformation (2.9), i.e.,
[Wν,μτ ( f )](z) := eiϕν,μτ (z) f (z).
It is a unitary and isometric transformation from the Hilbert space L2(C;dλ) onto itself. Moreover, we have
Lemma 4.1. The unitary transform Wν,μτ intertwines the operators Lν,μτ in (3.5) and LB in (1.2). Precisely, we have
Wν,μτ Lν,μτ = LBWν,μτ . (4.1)
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LB by writing ∇ν,μτ = d + iθν,μτ as
∇ν,μτ = e−iϕ
ν,μ
τ
(
d + iθ B)eiϕν,μτ . 
The investigation of the spectral properties of Lν,μτ acting on Mν,μτ (C) follows then using the characterization (2.11)
together with the fact (4.1). We can state the following
Proposition 4.2. Let Aν,μτ ;k (C) = {F ∈ L2(C;dλ); Lν,μτ F = Ek F } be the L2-eigenspace of Lν,μτ associated with the eigenvalue Ek =
B(2k + 1).
(i) We have the following orthogonal decomposition
L2
(
C; e−B|z|2dλ)=
∞⊕
k=0
Aν,μτ ;k .
(ii) Let ψν,μτ (z,w) := ϕν,μτ (z) − ϕν,μτ (w). Then the eigenprojector kernel of Aν,μτ ;k satisﬁes the invariance property
K ν,μτ ;k (z,w) = e−i(ψ
ν,μ
τ (z,w)−ψν,μτ (g·z,g·w))e2iB(z−w,g−1.0)K ν,μτ ;k (g.z, g.w)
and is given explicitly by
K ν,μτ ;k (z,w) =
2B
π
e−iψ
ν,μ
τ (z,w)e2iB〈z,w〉e−B|z−w|2 Lk
(
2B|z − w|2),
where Lk(x) = L(0)k (x) denotes the usual Laguerre polynomial.
Proof. This follows by making use of (4.1), the characterization (2.11) and Proposition 2.2 in [13]. In fact, if K ν,μτ ;k (z,w) is a
reproducing kernel for Lν,μτ , then
e−i(ϕ
ν,μ
τ (z)−ϕν,μτ (w))K ν,μτ ;k (z,w)
is a reproducing kernel for LB . 
Moreover, we have
Lemma 4.3. For every ﬁxed nonnegative integer k, we denote by Eν,μτ ;k (resp. E Bk ) the space of all eigenfunctions of L
ν,μ
τ in Mν,μτ (C)
(resp. F BΓ,χτ (C)) associated to the eigenvalue Ek = B(2k + 1), i.e.,
Eν,μτ ;k :=
{
F ∈ Mν,μτ (C); Lν,μτ F = B(2k + 1)F
}
,
E Bk :=
{
F ∈ F BΓ,χτ (C); LB F = B(2k + 1)F
}
. (4.2)
Then, we have
Wν,μτ
(Eν,μτ ;k )= E Bk . (4.3)
The following result is an immediate consequence of (4.3) above and the dimensional formula established in [13].
Namely, we have
Proposition 4.4. The Mν,μτ (C)-eigenspaces Eν,μτ ;k , (4.2), are ﬁnite-dimensional spaces, whose dimension is given explicitly by
dimEν,μτ ;k =
(
2Bν,μτ /π
)
Area(C/Γ ).
The explicit description of the spectral theory of Lν,μτ requires an explicit characterization of the equivariant pair (2.2).
For illustration, we consider the particular case of the equivariant map τh derived from inner G-homomorphism ρh(g) :=
hgh−1; h = (αh , βh) ∈ T C. In this case, it follows that
Jν,μρ ,τ (γ ; z) = e−2iσ〈z,γ 〉e−2i〈ξ,γ 〉, γ ∈ Γ, z ∈ C,h h
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to the space
FσΓ,χh(C) :=
{
F ;C∞, F (z + γ ) = χh(γ ) jσ (γ , z)F (z)
}
of Landau automorphic functions of weight σ with the multiplier χh(γ ) = e−2i〈ξ,γ 〉 , which here χh is a character. Note
also that by solving Eq. (3.11), we get
Lemma 4.5. The function ϕν,μτ is given explicitly by ϕ
ν,μ
τ (z) = ϕσξ (z) := −2〈z, ξ 〉, where ξ stands for ξ = μα¯β ∈ C.
Hence, the corresponding magnetic Schrödinger operator acts on the Hilbert space L2(C;dλ) by
− ∂
2
∂z∂ z¯
−
(
[σ z + ξ ] ∂
∂z
− [σ z¯ + ξ¯ ] ∂
∂ z¯
)
+ |σ z + ξ |2 =: Lξσ , (4.4)
and is unitary equivalent to the twisted Laplacian Lσ (1.2) acting on Fσ
Γ ;1(C) = Wξ (FσΓ ;χh(C)) via the transformation (2.9),
[Wξ ( f )](z) := e2i〈z,ξ〉 f (z). Thus, the previous results (Propositions 4.2 and 4.4) read simply
Corollary 4.6. Let Kσ
ξ ;k(z,w) denote the eigenprojector kernel of the L
2-eigenspace
Aσξ ;k =
{
F ∈ L2(C;dλ); Lξσ F = σ(2k + 1)F
}
.
Then, we have
(i) Kσ
ξ ;k(z + b,w + b) = e2iσ〈z−w,b〉Kσξ ;k(z,w) for every z,w,b ∈ C.
(ii) Kσ
ξ ;k(z,w) = 2σπ ei〈z−w,ξ〉e2iσ〈z,w〉eσ |z−w|
2
Lk(2σ |z − w|2) for all z,w ∈ C.
5. Suggested polynomials
According to the supersymmetric relationships (3.8), the corresponding eigenfunctions can be generated by iterating the
ground states via the creator operator A˜ν,μτ = −∂/∂z + Sν,μτ . In fact, they are given by A˜ν,μτ
m
(ψ); m = 0,1,2, . . . , where ψ
annihilates Aν,μτ . Hence, ψ belongs to the space spanned by the functions zne−ϕ
ν,μ
τ (z); n = 0,1,2, . . . . Therefore, the free
eigenspace of Lν,μτ corresponding to the eigenvalue Em = B(2m + 1) is generated by the eigenfunctions
ψ
ν,μ;τ
m,n (z) = (−1)meB|z|2−iϕ
ν,μ
τ (z)
∂m
∂ z¯m
(
zne−2B|z|2
)
. (5.1)
This leads to the following
Proposition 5.1. Let HBm,n be the complex Hermite polynomials given through [19,15]
HBm,n(z) := e2B|z|
2 ∂m
∂zm
(
zne−2B|z|2
)
.
Then we have
[Wν,μτ (eB|z|2ψν,μ;τm,n )](z) = HBm,n(z). (5.2)
Now assume that τ is an equivariant map such that
Rτ := ττ¯ − τ¯τ = 0.
In this case, the corresponding ϕν,μτ is harmonic. Indeed,
ϕ
ν,μ
τ
(3.11)= −4i ∂
∂z
(
Sν,μτ − Bν,μτ z
)
(5.3)
()= −iμRτ = 0. (5.4)
The transition () follows from the fact that
∂ Sν,μτ = Bν,μτ + μ(ττ¯ − τ¯τ ) = Bν,μτ + μRτ .
∂z
A. El Gourari, A. Ghanmi / J. Math. Anal. Appl. 383 (2011) 474–481 481Hence, we have ϕν,μτ = 2h = −i(h − h¯) for some given holomorphic function h = hν,μτ . Whence, one can rewrite the
annihilator and creator operators like
Aν,μτ = e−B|z|2+h¯ ∂
∂ z¯
eB|z|2−h¯ and A˜ν,μτ = eB|z|2−h ∂
∂z
e−B|z|2+h.
Hence, we have
Proposition 5.2. The functions
˜
ψ
ν,μ;τ
m,n (z) = e−B|z|2+h¯GB;hm,n(z)
generate also the free eigenspace of Lν,μτ with Em as associated eigenvalue, where the suggested polynomials GB;hm,n are given by
GB;hm,n(z) = e2B|z|
2−h ∂m
∂zm
(
zne−2B|z|2+h
)
. (5.5)
This furnish a class of generalized complex Hermite polynomials. Their explicit study requires explicit expression of hν,μτ
(and so of ϕν,μτ ).
Remark 5.3. Note that the condition Rτ = 0 is satisﬁed for the particular equivariant pair (ρh , τh) for which ϕν,μτ = ϕσξ
is given by Lemma 4.5. The corresponding polynomials constitute a class of generalized complex Hermite polynomials
Gσm,n(z, z¯|ξ); σ > 0, ξ ∈ C, which reduces further to the class of the usual complex Hermite polynomials HBm,n when ξ = 0.
Some related basic properties of Gσm,n(z, z¯|ξ) are studied and exposed in [10].
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